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Oh 1 Abstract. We investigate, on a bounded domain fl of R 2 with 

fixed S^-valued boundary condition g of degree d > 0, the asymp- 
totic behaviour of solutions u £ ^s of a class of Ginzburg-Landau 
equations driven by two parameter : the usual Ginzburg-Landau 
parameter, denoted e, and the scale parameter 8 of a geometry 
provided by a field of 2 x 2 positive definite matrices x — > A(| ). 
■ The field R 2 9n A{x) is of class W 2 '°° and periodic. We show, 

. , for a suitable choice of the e's depending on S, the existence of a 

' limit configuration u x G Hg(£l, S 1 ), which, out of a finite set of 

singular points, is a weak solution of the equation of S -valued har- 
monic functions for the geometry related to the usual homogenized 
matrix A°. 

> 

00 

(Sj ; 1. Introduction and statement of the results. 

00 ■ . , . 

1.1. Periodic homogenization. 

Homogenization can be considered as the mathematical theory of the 
macroscopic behaviour of composite material. 

In the case of periodic homogenization, one supposes that hetero- 
geneities are distributed with a periodicity of length 5, small with re- 
spect of the size of the medium, and that the geometry of their distribu- 
5_i ■ tions is described by a field x — > A(-) of rax n positive definite matrices 

with real entries. In this setting, the unsealed field W 1 3 y — > A(y) is 
periodic, with a period associated with a cell Y C M n . Usually, one 
studies the simpler case Y = [0,1 [ n , which corresponds to a period 
equal to 1 in the n directions of the space. The purpose is to study 
the asymptotic geometry as the scaling parameter 5 tends to 0, which 
provides the properties of the system for infinitely small 5. 

Consider for instance the paradigmatic problem for periodic homog- 
enization : describe the limit behaviour of a family U s of variational 
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solutions for the following system of equations : 

(1.1) -div(A(~)VU s (xf) =f onO, U s = on dfl. 

It is now a classical result that, under suitable assumptions on the 
sectrum of the matrices A(y), a weak if Mimit U° of the family U s will 
be a solution of the homogenized system 

(1.2) -div^A VU s (x)^j =f onO, U 5 = on dSl , 

where A , the so-called homogenized matrix of the field A(-), is an ellip- 
tic matrix with constant coefficients (i.e. describing an homogeneous 
material), which can be explicitely described from the field A(-). One 
can refer for instance to [SP], [Ba] or [BLP]. 

The construction of the matrix A is recalled in subsection 17.11 

1.2. The periodic unfolding method. 

The two-scale convergence method introduced by Nguetseng [ Ng], 
and developed by G. Allaire ([AH ], [ A12],) allows to solve more general 
homogenization problem. Recently, D. cioranescu, A. Damlamian and 
G. Griso have developed a rather quick way to obtain two-scale conver- 
gence results, namely the periodic unfolding method. It is based on a 
simply defined unfolding operator T$, depending on the scaling param- 
eter 5, which transforms a function f(x) on a domain Q into a function 
Tsf(x,y) on the cartesian product Q x Y. Up to some attention to 
be paid when one gets close to the boundary of Q, it is an isometric 
operator for any L p -norm and it behaves rather well with respect to 
differential operators. Periodic unfolding is thoroughly explained in the 
survey paper [CDG2]. 

Since periodic unfolding first appeared in [CDG1 ], the method has 
been applied to many linear and nonlinear situations (cf. for instance 
j ], [ ], ...) Our purpose in this work is to apply the method to the 
homogenization of the Ginzburg-Landau equation of [BBH], which is 
some kind of archetypal nonlinear equation and can be considered as 
a simplified approach to the Ginzburg-Landau model of superconduc- 
tivity. 

1.3. Homogenizing the Ginzburg-Landau equation. 

The problem raised by [BBH] is the asymptotic behaviour, as e — > 0, 
of the minimizers u e of a Ginzburg-Landau energy functional 

(1.3) E £ (u) = ~f \Vu\ 2 + ±- 2 [ (l-M 2 ) 2 , ueflj(n,c), 



PERIODIC UNFOLDING AND THE G.-L. EQUATION 



3 



with Q a bounded subset of IR 2 , ang g : dfl — > S 1 a modulus 1 fixed 
boundary condition of degree d. We suppose d > 0. 

Roughly speaking, they prove the existence of a sequence e n and 
of a finite subset {ax, ■ ■ ■ ,a n } of Q, such that the locally ifMimit 
u* = \im n u £n exists in Hl oc (Q,C). u* is a modulus 1 function, and a 
solution of the equation of S^-valued harmonic functions 

(1.4) — div Vit* = m* | Vm* 1 2 . 

The same result can be obtained, replacing the functional E £ by the 
energy functional E £ by the functional 

(1.5) \ f a(x)\Vu\ 2 + ^- 2 I (1-M 2 ) 2 , 

with a(x) taking values in bounded above by M and below by m, 
< m < M. (For this result, cf. [Be]). 

As a byproduct of the present work, i.e. adapting to a simpler context 
the methods of the present paper, one can show that the result is still 
valid for minimizers of a energy functional of the form 

(1.6) ]- I Vu(x)A(x)Vu(x) + ^ I (1-M 2 ) 2 , 

with Q 3 x — > A(x) a field of positive definite 2x2 matrices, with 
spectrum A(x) C [m, M] as above. 

Related to homogenization is the work of L. Berlyand and P. Mironescu 
[BM] on the classical Ginzburg-Landau energy (??) for perforated do- 
mains with periodic holes of diameter 5. 

In this paper, we shall consider the homogenized version of (11.61) . i.e. 
the perturbated Ginzburg-Landau functional 

(1.7) \ V«(x) A(j) Vu(x) + ^ J (i _ H 2) 2 , 

where 5 is an homogenization parameter. We prove that, adjusting the 
parameter e according to 5, a similar result can be obtained, where 
the notion of S^-valued harmonic function, as in (11.41) . will refer to the 
geometry provided by the homogenized matrix A . 

1.4. Data. 

Throughout this work, we consider the following data : 

• A bounded, connected open domain Q in R 2 , with class C7 1 -boundary 
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• A modulus 1 boundary condition g G C 1 ((9fi), S 1 ) , of degree d > 
(note that the easier case d — is solved in [ Me] ) ; 

• A field R 2 9 x — > A(x) G M 2 (R) of 2 x 2 symmetric definite positive 
square matrices which is of class W 2,OQ , with x — *> A{x)~ x also bounded, 
and Z 2 -periodic. In other words : 

3 < m < M , spectrum(A(x)) C [m, M], V ' x G R 2 , i.e. 

(1.8) miieii 2 < e • A(x)^ < Miieii 2 , ve,x g r 2 ; 

A(x + z) = A(x) , Vx G R 2 , zeZ 2 ; 
A(-) g ^ 2 '°°(R 2 ,M 2 (R)); 

• For any 5 > 0, the field of matrices As : A$(x) = x G R 2 ; 

• For any e, 5 > 0, a minimizer m £ ( 5 of the perturbated Ginzburg- 
Landau energy E E) g on Q, with boundary condition (7 : 

(1.9) E s , s {u) = \ I Vu-A s Vu+-^ f (l-|n| 2 ) 2 , uGff^C). 
Note that w £j 5 is a solution of the Euler-Lagrange equation of E Et g '■ 

(1.10) - V« e ,i) = ^2 « e ,i(l - |«e,*| 2 ) • 

1.5. Statement of the results. 

Our final result can be summarized as a theorem : 

Theorem 1. Let (5 n ) be a sequence in M.* + decreasing to 0. Then, re- 
placing it by a subsequence (stiil denoted (5 n ) ), one can find a sequence 
(e n ) decreasing to in R+ ; and a finite subset {a 1; ■ • • , a N } of Q such 
that : 

1/ = \\m n u £ny g n exists in Hl oc (Q \{ai, ■ ■ ■ ,on},C) , as a weak 
locally H 1 -limit. 

2/ Uoo takes values in S 1 , coincides with g on the boundary dQ, and 
is a weak solution, in Q \{a 1; • • ■ , a d }, of the equation of S 1 -valued A°- 
harmonic functions 

(1.11) - div(A°VUao) = Moo (VMoo • A VUoo) , 

where A is the homogenized 2 x 2-matrix (positive definite, with con- 
stant coefficients) associated with the field A(.) (Cf. subsections 11.11 
andO). 

[n.b. As a matter of fact, one can show that there are exactly d singular 
points ai, • • • , ad, but proving this requires a much longer and much 
more complicated proof. We shall skip this point, in order to provide 
for our Theorem 1. a proof which, in some regards, can be considered 
as surprisingly simple. 
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1.6. Organization of the paper. 

The proof is divided in three steps. The first step consists in identi- 
fying the set {a 1; ■ • • , a N } of the singular points. This is based on the 
classical approach of [BBH], and also some improvements of [S=Struwe] 
or [B=Beaulieu] , together with the necessary adaptation of those pre- 
vious methods to our context of a highly perturbated geometry, varying 
with the parameter 8. 

The second step is the existence of a limit configuration. The final 
result is that the sequences u £nj s n constructed in step 1 are bounded 
in if i 1 oc (f2\{a 1 , • • ■ ,a N },C), so that they have weak locally H 1 limits 
Uoo. This is done by a quick study of the energy of some classes of 
H l maps, defined on an annulus {x / \e n < \x — < R}, and taking 
values in S 1 . Comparing such energies with the energy of u £ni $ n on the 
same annulus will lead to the result. 

The point here is that very little knowledge on the ^-valued maps 
on such an annulus is actually needed. In particular, no explicit com- 
putation of their energy is required. One identifies a specific class of S 1 - 
valued maps on the annulus which are of given degree, and then shows 
the existence of a distinguished representative in this class, with two 
properties : first, its value at the boundary of the annulus is prescribed, 
and then, its energy differs from the minimal energy in the class by only 
a bounded quantity, with explicit bound. This result suffices to prove, 

later, that for any R > 0, the quantity sup / |Vw eni 5 n | 2 is 

n Jn\[u l B(a l ,R)) 

finite. 

The third step is the proof of the equation satisfied by a limit config- 
uration Uoo, i-e. Equation (11. lip of TheoremfTl Invoking the periodicity 
of the field of matrices A(.) (which so far had not been taken in ac- 
count), one can introduce the now well established method of periodic 
unfolding of [CDG1]. This method provides a shortcut to the matrix 
A , since this matrix appears naturally here as a byproduct of com- 
putations which are quite natural, based on the behaviour of periodic 
unfolding under weak ifMimits, as established in [CDG2]. 

2. First properties of minimizers 
Lemma 2.1. \u £t s\ < 1? Ve, 5 . 

Proof. Check that / n V(/(u)) • A 5 V(f(u)) < J n Vu ■ A 5 Vu, where 
f(z) =z if \z\ < 1, f(z) = z/\z\ if \z\ > 1. '"" □ 
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Lemma 2.2. There is a constant C such that 

(2.1) rmrd log{^) - C < E Ej6 (u E , s ) < MTrdlog(-) + C . 

Proof. Let E £ : E e (u) = \ f n \Vu\ 2 + ^ f n (l-|n| 2 ) 2 be the usual G.-L. 
energy, as considered in [BBH], and u £ a minimizer for E £ in H^(Q, C) . 
By estimates in [BBH], one has 

(2.2) - nd Log(e) - C < E £ (u £ ) < -ird Log(e) + C 

for some constant C depending only on Q and g. 
One will have then, by (11.81) 

E e ,s{u e , s ) > - / \Vu £ , 5 \ 2 + -(1 - \u £ , 5 \ 2 ) 
1 Jn £ 

> —mirdhog(-\/m~e) — mC 

and 

E £ ,s{u £ ,s) < E £ ^(u y/Wl£ ) 

19 . 1 / /- I I 2\ 2 

\ U VMe\ ) 



M f .„ ,n 1 , 



2 J n ] VM£| 4e 2 
ME^^u^J 



< -MirdLog(VMe) + MC' . 

Hence the result, with C = MC + max (m| log(Vm)|, M|Lo#(\/M)|) • 

□ 



Lemma 2.3. Let 5 n be any decreasing sequence (not necessarily tending 
to 0). Then, there exists a sequence e n satisfying the two properties: 

1. lim^oo^/5 2 = 0; 

2. \f {l-\u £n , 5n \ 2 ) 2 <AMnd, Vn. 

Proof. The proof is based on an idea of M. Struwe [Stl]. Fix 5 > 0. 
Then, the function e — > z/ e ,5 = E £i s(u £ j) is decreasing, hence almost 
surely differentiable, with 

/• £ o dv £ s 

(2.3) ^ £1)5 - u e0jS > - j ~^T de ( £ i < £ o) ■ 

(Note that one can show that e — > z/ e>< 5 is a continuous map, and that 
consequently the above inequality is an equality). 
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Fix S > 0. For given e' > e, compute 

V £ ,& - Ve',S = E £>S (u £ ,s) - E £ > tS (u £ ',s) 

> E £iS (u SjS ) - E E > iS (u ejS ) 

, 2 



which, dividing by e — e' , implies, as e' —* £ : 



1 /" 2 

From the latter, we deduce liminf — / (l — |m £ .5| 2 ) < 2Mnd (if 

not, integrating between e an d some £i small enough and applying 
(12.31) would lead to a contradiction with (12.11) ). So, for given 8 n , one 

will find e n < such that — / (l - \u £n j n \ 2 ) 2 < AM-nd. 

□ 



3. IDENTIFYING THE SINGULAR POINTS 

3.1. First elliptic estimates. 

By (11. 8p and equivalence of Sobolev norms, for p G [1, oo], there will 
be a constant C p > such that 

(3.1) \\Af\\ p < C p (\\div(AVf)\\ p + HV/lIp + ||/|| p ) , / e W^(M 2 ) . 

Applying ( 13.11) to the function x — >■ f(5x), we get 
(3.2) 

||A/|| P < C7 p (||^(A 5 V/)|| p + i||V/|| p + h\f\\ p ) , f e W 2 ' P (R 2 ). 



3.2. Locating the singularities. The above estimates allow us to 
follow what [BBH] calls the construction of bad disks, in order to get 

Proposition 3.1. Let 5 n be a decreasing sequence and let e n a se- 
quence associated to it by Lemma \2.3[ Then, replacing (S n , e n ) by a 
subsequence, one will find X > 0, N E W , a\, ■ ■ ■ , G £1 such that, 
for any n > 0, one has 

(3.3) \u n {x)\ > 1/2, Va; G fl\ (uf =1 B(a u \e n )) . 
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Proof. By Lemma ET] and (11.101) . one has, for all e and 5 (since \u e s\ < 
1), ' 

(3.4) \\div (A s Vu e ,s)\\co < ^, 
and consequently, by ( 13. 2D : 

(3.5) HAUe^Hoo < Coo (X + ^||Vw £)< 5||oo + ^ 

By Lemma 12.31 one has — = o( — ). From (13. 5p above and the 

interpolation inequality HVwH^ < 1 1 Au\ |oo | |m| |oo (cf. [BBH2]) , one 
deduces easily the existence of a constant C not depending on n such 
that 

C 

(3-6) l|Vw £nA J|oo < — • 

From this point, invoke Lemma 12.31 and (13. 6p and follow the steps 
for constructing the bad disks in [BBH], chapters III and IV. 

□ 



Next proposition tells us that, in the neighborhood of a singular 
point Oj, the C- valued map u £n! s n behaves approximately as the S 1 - 
valued map u EnySn /\u £n>Sn \ : 

Proposition 3.2. Let 5 n , e n , A, a 1? • • - , ajy, be as in Proposition ^ . 1\ 
Let Rq > be such that the disks B(ai, 2R ) are contained in Q and do 
not intersect each other. Then there exist a constant C such that, for 
any R e]0, Rq] and any n with Xe n < R, one has 
(3.7) 

< I • A Sn V^^- - / Vu en>Sn ■ A 5n Vu En , Sn < C , 

Jr* n (R) \U En ,S n \ \ u e n ,S n \ JViiR) 

where T\(R) is the annulus 

r n {R) = {x G D, I \e n < \x - Oi\ < R} : 

Proof. The proof follows the proof of Theorem ?? in [BBH], where we 
introduce explicitly the necessary adaptions. 

Set u n = Ue n ,s n , \u n \ = Pn and v n = u n /p n . Then, one has 

Vu n .A &n Vu n = p 2 n Vv n A Sn Vv n + Vp n .A Sn Vp n 

(3.8) > P 2 n Vv n A Sn Vv n 

= Vv n A 5 J n Vv n - (1 - pl)Vv n .A Sn Vv n . 
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Moreover, Vv n .A Sn Vv n < \vu n .A Sn Vu n < AM\Vu n \ 2 (since p n > 

Pi 

1/2 on r*(i2)). So that one has 

< f v^^.^ - / Vu £ s -A s Vu e s 

Jr^R) \ u e n ,8„\ \ u e n ,S n \ JT* n (R) 

and 

[ V^^.As - / Vu £ s .A 8 Vu e s 

JTi n (R) \ U e n M \ U e n M JV^R) 

<4M / (1- |n n | 2 ) |Vu n | 2 

J mm 

< AM ||1 - \u n \ 2 \\ L 2( n) WVUnWl^^R) ■ 

By (11.101) and Lemma [2~3| one has 1 1 4- (AsVu £nt g n ) | | 2 < \J AuMdj e n . 
Together with (12. ip . (13.21) and the fact that e n = o(5 2 ), it implies easily 
||AM £ni 5 n || 2 < C/e n for some constant C not depending on n. 

By Property 2. of Lemma \2.'6\ one has ||1 — |M n | 2 ||L 2 < Ce n ; 
and by the interpolation inequality ||Vm||| < ||A«|| 2 ||«||oo) one has 
||VM n || 2 4 < VC/e n . Hence the result. 

□ 



4. Energy of ^-valued maps on an annulus : 
General properties 



At this point, begins the second (and more difficult) part of this pa- 
per. It consists in comparing the energy of u £ni s n on an annulus T l n (R), 
with the minimal energy of a S^- valued map on the same annulus with 
the same degree. As the degree of the boundary value of an if 1 -map 
is not continuous under weak if Mimits, we shall restrict ourselves to a 
class of ^-values if 1 -maps where this difficulty is naturally overcome. 

Note that u En ^ n is of class H 2 (by (11.101) ). and consequently, one can 
write, on an annulus T l n (R) of Proposition 13.21 

™ £n ' Sn (x) = e ifir ' e) foix = ai+(r cos 0,rsin0) , r G [Ae„, R],6 £ [0,2vr] 

\ u e n ,8 n | 

with / G H 2 ([a,P] x [0,2vr],R) and f{r,2n) = f{r, 0) + 2nKi(n) for 
some Ki(n) G Z depending only on a« and n . 

We shall restrict ourselves to a class V K of S^-valued map of degree 
ft£Z sharing a similar property. 
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In this section, we shall consider a field 

M 2 3 x ^ B(x) e M 2 (R) 

of symmetric positive definite 2 x 2-matrices, of class W 2oD , with 
spectrum(B(x)) C [to, M] for some < m < M not depending 

of x. The notation S(r, 0) = [ ^"-M) for 

B(r cos9,r sin#), written in the orthonormal basis (d/dr, 1/rd/dO) . 

Let us introduce the following notations : 
Notations 4.1. For a, (3, < a < (3, and kgZ, define 
r(a, /?) = G M 2 / a < \x\ < (3} ; 

V K (a,0) = {ve H^FfaP^S 1 ) /Bfe H\[a,P\ x [0,2tt],R) s.t. 

/(r, 2tt) = /(r, 0) + 2/tvr , Vr G [a, f3] a.s. and 
u(r, 9) = e if{r ' 0) , a <r < (3 ,0 < <2tt}; 

//(.B, a, /3, /c) = inf / Vf Vf (x) dx , i> G V re (ai, (3) . 

Jr(a,/3) 

The first properties of the n(B, a, (3, k) are more or less obvious : 
Lemma 4.2. One has fJ,(B, a, j3, k) = K 2 fi(B, a, j3, 1) . 

Lemma 4.3. One has 

2t „„ / P \ ^ ..( T> „. a ..\ / o A#„..2t . . / P 



(4.1) 2mirK 2 Log - < a, /3, re) < 2iWWLo# - 

Before proving those two lemmas, let us introduce some additional 
notations : 

Notations 4.4. 

r'(a,/3) = [a,/3]x[0,27r]; 

p K («,/3) = {/ = /M) g ^(r'K/?),^) / 

/(r, 2tt) = /(r, 0) + 2ktt , r G [a, P] a.s. } ; 

f d£\ 

dr 



Df(r,9) 



\rd0j 



, feH\V(a,P), 
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Note that, for v(r, 9) = e l ^ r ' e ' G V K as above, one has 
(4.2) 

/ Vv{x).B{x)Vv{x)dx = I Df(r,6).B{r,8)Df(r,8)rdrd6, 
so that 

(4.3) ii{B,a,i3,K) = iaf I Df.B(r,9)Dfrdrd9,feV K (a,f3) 

Proof of Lemma U . M For k = 0, take v a constant function. Otherwise, 

1 

note that / G VJa, B) if and only if — / G VAa, 8) , and apply (14.31) . 

K 



i-2-k 

Proof of Lemma \4-3\ For / G T> K (a,{3), one has / 

Jo 



89 

2tt m\ 2 



'df(r 9)' 

2ktc, which, by Cauchy-Schwartz, implies / I — — ^ — ] > 27m 2 . 



Hence 



00 



/ Df.B(r,9)Dfrdrd9>m I \Df(r,9)\ 2 rdrd9 

rf> dr f 2w fdf{r,9)^ 2 



'3 

> 2m7iK 2 Log I — 



which provides the first inequality. 

Taking f(r,9) = k9 provides the second inequality. 



□ 



Proposition 4.5. Let a, (3, k be fixed. 

1/ There existsv a ^ G V K (a,f3) suchthat / Vv a fi(x).B{x)Vv a ,p{x)dx 

fi(B, a, 8, k) . 

2/ Such a minimizer v a ^ is unique, up to a multiplicative modulus 
1 constant, and is of class H 2 . 

3/ The Euler-Lagtange equation satisfied by v a $ is the equation of 
S 1 -valued harmonic functions 

(4.4) - div (B( x)\7v(x)) = v(x) [Vv(x) ■ B(x) J \7v(x)) , 
together with boundary conditions of Neumann type 

(4.5) ^i) = ^) = 0,V e6 [0,2.]a.,. 

or or 
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Proof. By (14. 3ft . the problem consists in studying minimizers in T> K (ot, (3) 
of the quadratic form / Df(r, 9) ■ B(r, 6)Df(r, 9)rdrd9 . 

1/ For the existence of a minimizer f a ,p, it is enough to note that 
V K is a closed affine subspace of i7 1 (r'(a, (3), R) (directed by V (a, f3) , 
which is a closed vector subspace), hence weakly closed, and that the 
quadratic form to minimize on T> K is l.s.c. for the weak if ^topology. 

2/ and 3/ The Euler-Lagrange Equation satisfied by / = f a> p is 

(4.6) I Dg(r,9).B(r,9)Df(r,9)rdrd9 = 0, Vg eV (a,(3) . 
Jr>{a,p 

Taking g G C£°(]a, /3[x]0, 2ir[) (C^-functions with compact support) 
provides 

(4.7) -div D (B(r,9)Df(r,9))=0, 
where —divn is the formal adjoint of D, i.e. 

div D (X) = + -^,XG H\T\a,f3)X) ■ 

r Or r 69 

The corresponding equation for v : v(r,9) — e l ^ r ' 9 ^ is ( 14.4ft . 

Taking g G C£°([a, 0\ x]0, 27r[), integrating by parts and invoking 

( 14.71) provides 

(4.8) ^) = ^) = 0,V 9e [0,2.]a.,, 

or or 

hence (14. 5ft . 

Taking g G C£°(]a, /3[x[0, 2tt]) and again invoking (14.71) provides 

0/(r, 2tt) g/M) 

(4.9) — = ^ , Vr G a.s.. 

(14.71) implies that /q,^ is of class H 2 . This fact, together with (14. 9p . 
will imply that v is of class H 2 . 

For the uniqueness of v up to a multiplicative constant, note that, if 
fi and / 2 are two minimizers in V K (a,f3), one has, setting g = / 2 — f\ 
and invoking (14.61) : 



/ Df 1 .B(r,9)Df 1 rdrd9 = [ Df 2 .B(r,9)Df 2 rdrd9 

= I Df 1 .B(r,9)Df 1 rdrd9+ [ Dg.B(r,9)Dgrdrd9 
> [ Df 1 .B(r,9)Df 1 rdrd9 + m [ \Dg\ 2 rdrd9 

JT'(aS) Jr'(a,0) 
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which is possible if and only if Dg = 0, i.e. iff g = fz — fi is a constant 
function. 

□ 

5. Energy of ^-valued maps on an annulus : 
behaviour at the boundary 

Estimates on the value of the minimal energy fi(B,a, {3, k) could 
be provided, but the main feature here is that such estimates are not 
needed when one seeks only to prove the existence of a limit configu- 
ration for the u eni s n . What is actually needed is the existence of some 
"approximate minimizers" for which the value at the boundary of the 
annulus is prescribed. As it will appear in the proof, any a priori 
value could have been prescribed. But we shall limit our study to the 
standard boundary condition of degree k, namely 9 — > e %Kd . 

Theorem 2. Fix m and M, < m < M . There exists a constant C , 
depending only on m and M , such that, for any field B(.) of symmetric 
2x2-matrices with spec(B[x) C [m, M\, Vx G 1R 2 ; and for any a, /3, k , 
one can find v G V K (a, (3) with the two properties : 

1/ / Vv{x) ■ B{x)Vv{x) < fi(B,a,(3,n) + k 2 C : 

2/3 6 , v(p, 9) = e iKd , u(a, 9) = e iK( - e+e °\ 9 G [0, 2vr] . 

Proof. Without lack of generality, we shall only consider pairs (a, 0) 
such that (3 > 4a (the case j3 < 4a is solved by Lemma 14.31 and its 
proof, taking v(r, 9) = e tK6 ). 

By Lemma 14.21 we can restrict ourselves to the case k = 1 (if v 
satisfies the conclusions of the Theorem for k — 1, then v K will be a 
solution for a general k£Z). 

Let V\ = V2 a> p/2 be a minimizer in V±(2a, P/2) for fi(B, 2a, {3/2, 1) 
provided by Proposition 14. 5[ with Vi(r, 9) = e l ^ T,e \ f G T>i(2a,{3/2). 
Set 

J=\ re [2a, {3/2] I [** Df^r, 9) ■ B(r, 9)Dh(r, 9)d9 
(5-1) J ° 

<-/ B ee (r,9)d9\. 
r Jo } 

As fi is of class H 2 (cf. Proposition I4.5p . J is a closed subset of 
[2a, (3/2]. 
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We claim that J ^ . If this was not true, one would define g\ G 
T>i(2a,(3/2) by gi(r,9) = 9, and get, by definition of J: 



Dg 1 (r,9)-B(r,9)Dg 1 (r,9)d9 



r'(2a,/3/2) 



(5.2) 



13/2 dr f 27T ~ 

- \ B ee (r,9)d9 



2a 



< 



/3/2 r-2-K _ 

rdr / D/i(r, 0) ■ B(r, 0)Z>/i(r, #)d# 



2o 



= /x(B,2a,/3/2,l), 
which would contradict Formula (14. 3p . 



So, we 


can 


define r\ 


one has 








/•27T 


dfi(r,9) 




'o 


89 



(5.3) 



/•27T 

d9<r 2 \Df 1 (r 1 9)\ 2 d9 
Jo 

< - I Dh(r, 9) ■ B{r, 0)D/i(r, 0)d0 

2tt 



rn 



<-/ BUr,B)dB. 



In particular, as m < Bg t g(r, 9) < M, one has 



(5.4) 



/>2vr 


dfi(r,9) 


/o 


89 



,„ 2irM . 

d9 < for r = ri or r = r 2 . 



As v 2a ,f3/2 is defined up to a multiplicative modulus 1 constant, we 
can suppose that /i(r 2 ,0) = 0. With this choice of fi, we set O = 
/i(ri,0) and we define / G Vi(a,{3) by the formula 
(5.5) 





f(r,9) = { 



2r 2 -r r-r 2 

/i(r 2 , 9) + 

r 2 r 2 

/i(r,0) 

2r — ri . 



2 r -^-f 1 (r 1 ,9) + 



n 



n 



+ 9 



if 2r 2 < r < (3 ; 
if r 2 < r < 2r 2 ; 
if ri < r < r 2 ; 
0o) if ri/2 <r <r 1 ; 
if a < r < T\j2 . 
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We will check that, with such an /, v(r,9) = e l ^ r ' e ' satisfies the con- 
clusions of the theorem. Note that v G V±(a, (3) by construction. 

Let Ai be the first eigenvalue of the Laplacian in Hq( ] r 2 , 2r 2 ] ) 
(which as a matter of fact does not depend on the choice of r 2 > 0). 
We have, for r e [r 2 , 2r 2 ] : 



p2tt 


df(r,9) 


Jo 


Or 



de 



< 



(5.6) 



1 f 

-2 \9-h(r 2 ,e)\ 2 d9 

2 JO 

i y ^ 



< 



< 



2Ai 



2 ^0 



47rAi 



2 7T 



1 



0/i(r 2 ,0) 



d0 

2 N 



06 



de 



m J 



the last inequality being provided by (15 .4p . 
We compute then, invoking again (15. 4p : 

2 r 2n 

de = 



p2w 


df{r,9) 


Jo 


09 



2r 2 - r Ofi (r 2 , 9) ^r - r 2 



(5.7) 



< 



2tt 



2r 2 — r 
r 2 



oe 

dfi(r 2 ,e) 



r 2 



de 



oe 



r — r 2 
r 2 



de 



< 



AttM 



m 



Integrating Inequalities (I5.6P and (15 .7p between r 2 and 2r 2 , we get 



(5.* 



Df(r, 9) ■ B(r, 9)Df(r, 9) rdrd9 



r'(r 2 ,2r 2 ) 



< M 

= M 



\Df(r,9)\ rdrd9 



T'(r 2 ,2r 2 ) 
2r 2 

rdr 



1-2 



2tt 



0f(r,9) 



dr 



r2r2 dr 
d9 + M I — 

r 



2tt 



0f(r,9) 



oe 



de 



( m\ M 2 

< 6ttAiM 1 + — + 4vr Log2 . 

V M J m 

Writing, for sake of simplicity 

/ m \ M 2 
(5.9) Ci(m, M) = 6ttAiM \1 + — J + 4tt— Lo^2 . 
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a similar computation leads to 



(5.10) / Df{r,9)-B{r,9)Df(r,9)rdrd9<C l {m,M). 
Jr'( ri /2, ri ) 



Suppose now that 2r 2 < (3/2. We have then ]2r2, (3/2]n J = 0, which, 
by definition of J, will imply 

(5.11) 

r ~ r p/2 dr r 2n ~ 

\ Df(r,9)-B(r,9)Df(r,9)rdrd9 = — B ee {r,9)d9 

Jr>(2r 2 ,P/2) J2r 2 T JO 

rf3/2 r 2n 

< rdr Df 1 (r,6)-B(r,6)Df 1 (r,e)d0 

J2r 2 JO 



[ Df 1 (r,9)-B(r,9)Df 1 (r,9)d9, 

Jr'(2r 2 ,0/2) 



'(2ra,/9/2) 

while 

(5.12) 

/ Df(r,9)-B(r,9)Df(r,9)rdrd9= — B ee (r,9)d9 

Jt'(/3/2,P) J 13/2 r JO 

< MLog2 . 

In the case where 2r 2 > (3/2, we write only 
(5.13) 

/ Df(r,9)-B(r,9)Df(r,9)rdrd9= - B ee (r,9)d9 

Jr'(2r 2 ,P) J2r 2 T JO 

< MLog2 . 

The same computations, with the same upper bounds, hold on T'(a, r\/2) 
or on F'(a,2a) U T'(2a,r l /2). Setting r x = n if n/2 > 2a (resp. 
fi = 4a if n/2 < 2a), and r 2 = r 2 if 2r 2 < (3/2 (resp. r 2 = (3 /4 if 
2r 2 > /3/2), we get finally 

(5.14) 

D/(r, 9) ■ B(r, 9)Df(r, 9)rdrd9 



T'(a,f3) 

< [ Df 1 (r,9)-B(r,9)Df l (r,9)rdrd9 

Jr'(2a,F 1 /2)ur'(r 1 ,r 2 )ur'(2F 2 ,/3/2) 

+ 2d(M,m) +2MLog2 

< fi(B, 2a, (3/2, 1) + 2C 1 (m, M) + 2MLo^2 , 
which implies the result. 

□ 



periodic unfolding and the g.-l. equation 
6. Existence of a limit configuration 
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6.1. Statement of the Theorem. 

The data are those of subsection 11.41 : the domain Q, the boundary 
condition g : Q — > S 1 of degree d > 0, the Z 2 -periodic field A(.) of 
2x2 positive definite matrices, of class W 2 '°°, with spectrum bounded 
above by M and below by m independently of x, and for every pair 
(e > 0, 5 > 0), a minimizer u £y s of the Ginzburg-Landau energy E e< s for 

the geometry provided by the field Ag : Ag(x) = A (cf. (11. 9p ). 

The whole section will be devoted to the proof of the following theo- 
rem, which states that (up to substituting a subsequence), for any de- 
creasing sequence S n , there exists a sequence e n such that the sequence 
u £n ^ n is locally bounded in some if/ oc -space of Q\{finite set of points}. 

Theorem 3. The notations are those of subsection \1.4\ 

Let 8 n be a decreasing sequence in M.*,. Then, substituting to it a 
subsequence (still denoted d~ n ), one can find 

■ a sequence e n tending to , 

■ a finite subset {ai, • • • , a^} of fl , 

such that the sequence u £n) $ n is bounded in if/ oc (fi\{ai, • • • ,ajv}). 
Which means that, for any R > 0, one has 

(6.1) sup / |Vw £nA J 2 < +oo. 

n Jfi\(U 3 -B(oj-,ii)) 



6.2. Proof of Theorem [3J . 

The sequence 5 n being given, we fix an associated sequence e n pro- 
vided by Lemma [231 so that Conclusions 1/ and 2/ of the lemma hold 
true. 

Then, we replace (e n , 5 n ) by a subsequence in order to get the con- 
clusions of Proposition 13. II This provides the finite set {a±, • • • , a^} of 
singular points and a ratio A > for the annulus T l n (R) of Proposition 

We claim that the sequence (« £n iJ is bounded in Hl oc (Q\{ai, • • • , on} ■ 

We fix R such that the disks B(ai, 2R ) are contained in Q and do 
not intersect each other. For any R < R , \u £nt s„\ > 1/2 on T l n (R), so 
that u Ent s n has a well defined degree Ki(n) on the annulus. The first 
claim is that cannot be too large. 

Lemma 6.1. 3 k e N* , <K ,n>l,i = l,---,N. 
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Proof. 

By Inequalities (12. ip . (13.71) and (14.11) . one has a constant C such that 
-MndLoge n + C> E EniSn (u £n s n ) 



> / VM £ni5n • A s {x)Vu £n>Sn 

6.2 > / t= AsO)^ r-C 

> /i(A 5 (o; - at), Xe n , R, «j(n)) - C 

> —mnKi(n) 2 Log ( - — J — C . 



Dividing by — Log e n and making n — > 00 provides 



(6.3) limsup /Cj(n) < 

and the result. 



□ 



We continue the proof of the theorem by contradiction. Suppose that 
the sequence {u £nt s n ) above is not if Mocally bounded on f2\{ai, • ■ ■ , a^v}. 
Then, there will be some R < R and a subsequence - still denoted 
( u e n ,s n ) - such that 

(6.4) lim / |Vu £ni J 2 = +oo. 

n ^°° Jn\(U,B(a,,B)) 



By Lemma I6.1[ substituting again a subsequence to the sequence 
(u £ni s n ), one can suppose that the degrees «j(n) do not depend on n, 
i.e. 

(6.5) K>i(n) — Ki , i — 1, ■ ■ ■ , N , n > 1 . 

As l M En,<5nl — 1/2 on Q\(UiB(ai, R)), one has J2f=i K i = d- Hence, 
there will exist some wq G if x (f2\( UiB(a,i, R)),C) satisfying 

(6.6) 

\w (x)\ = l,x G n\(UiB(oi,R)), 

wq(x) = g(x) , x G dQ , Wq(x) = — , i — 1, • • • , N , \x — aA — R. 

\x — ai\ Ki 

With the help of Theorem [2], we extend this Wq as a function in 
Hg(fl, C) in the following way: 
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Theorem [2] provides a constant C(m, M) and, for given i = 1 ■ ■ ■ N 
and n > 0, a function w % n G if 1 (r^(i?), S* 1 ) with some constant 6 l n such 
that 



(6.7) 



WAX) = - ; — if \X — GU = it . 

p — a^p' 

n b - a,- h 



V<(i) • y^(x)Vu;* (ar)dar < (i(B l n , \e n , R, m) + «£C(m, M) 

— - — - ). [We recall that T l {R) is the 

On 

annulus Xe n < \x — a*] < R.) 

Define W n e H$(Q,C) as follows: 



(6.8) W n {x) 



w (x) if x e n\(U i S(a i ,i?)) ; 

<(z) ifxeP n (i2), i = l,-.. ,iV; 

e^" ( ":^ ifxGi?(a,,Ae n )^ = l,---,iV. 



We compute 

= „ / Vmj (x) • A s (x)Vw {x) dx 

Z Ja.\(UiB(ai,R)) 
N l 

+ J2o Vw l n {x).A s {x)Vw l n {x)dx 
~\ 1 J rum 



(6.9) 



i=i 

N 



~'n J B(ai,Xe„) 

In the right hand side, the first line is 
(6.10) 

If _ . _ M 



+ Y1 \ I VW n (x).A 5 (x)VW n (x)dx 

i= l ^ JB(ai,Xe n ) 
N 

+ / {1 - \W n (x)\ 2 ) 2 dx . 



2 -lo,\(UiB(ai,R)) 2 ^\(U 1 B(a„fl)) 



|2 



Vw ■ ^jVw < v / |Vw | =MC 

with C not depending on n. 
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We have then, by ( 16. 71) : 
(6.11) 

N r N 

V / V<(x).^(x)V<(x) < V A /(5* n ,Ae n ,i2,K < )+JV«gC7(m,M) 
i=i -^(R) <=i 

We continue with 

(6.12) 

- 1 /• 

^ / VW n (x).A 5 (x)VW n (x) 

„-_i ^ J B(aiMn) 



i=l 



1 B(ai,\e„) 

<yL l V (T-) I rdrdB^—^d 

1 i=l JB(0,\E n ) Ae n * 



with C*i not depending on n. 
And finally, since | W n | < 1 : 



^ 1 /• v\2 

(6-13) (1-I^(x)| 2 ) 2 < 



2 NX 71 

{*--\WnW\~) 

1 ^ fc n J B(ai,\e n ) 



4 



Summing up in (16. 9p . and using the fact that u En ^ n is a minimizer 



w 1 

(6.14) £ £n>a > En , 5 J < E £n , Sn (W n ) < ^ B n> Xe ^ R > K ^ + C * 

i=l 

with C*2 not depending on n. 

On the other hand, as the restriction of £ "' —, to each annulus 

\ U e„,$n I 

r i n (R), translated by a i; lies in V Ki (Xe n , R), the mere definition of 
fi(B l n , Xe n , R, Ki) in Notations 14.11 implies, for n > 1 and i = 1, ■ • • ,N 

(6.15) / • A s (x)V^^ > fi(Bl Xe n , R, . 

Jri(R) \ u e n ,5 n \ \ u e n ,6 n \ 

Proposition 13.21 provides then a constant C such that 

(6.16) / Vn £n , 5n • A*(a;) Vu En>Sn > V Ae n , fl, k<) - iVC . 

JUiTkW i=l 
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Comparing (16. 14ft and (16.161) provides at last 
(6.17) 

m f ,_ , 2 .1 



2 



Vu Eri j„\ <- I Vu n -Af;Vu 



n\(Uir*(H)) * Jn\(Uiri(R)) 

< E £njSn (u EniSn ) - - Vu £n , Sn ■ A 5 (x)Vu £n ,s n 

A JUiTKR) 



< 1 -{C 2 + NC) 



which contradicts (16 .4p . The theorem is proved. 

□ 



7. The homogenized equation for u^. 

7.1. The mean homogenized matrix A (cf. [SP], [Ba], [BLP]). 

Y is the cell [0, l[x [0, 1[ in R 2 . 

We start with the obvious following remark, which shall be of con- 
stant use : 

VfeL 2 (Y), 3\geH 1 per (7) s.t. 

(7.1) f 

div A(y)Vg(y) = f(y) and J g(y)dy = . 

Accordingly, one defines the vector field x(y)) — {x^ (y)) j =1 2 on Y 
as the (unique) solution of the system of equations 

(7.2) divA{y)V%{y) = Y,^ir^-> # e ^(F) , / #(i/) = 0. 

The mean homogenized matrix A is a matrix with constant entries, 
defined by 



(7.3) 



A% = jf A l3 (y)dy - jT £ ^(yJ^M^ . 



7.2. Statement of the result. The general theorem about nonlinear 
Ginzburg-Landau type equations can be stated as follows : 

Theorem 4. Fix Qq a bounded domain in M 2 . 

Let (5 n ) be a sequence tending to and (u n ) a sequence in i7 1 (f2 , C) 
satisfying the following assumptions : 
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i- \u n \ < 1 and lim / ( 1 — \u n \ ) 2 = . 

ii. sup n ||Vw n ||2 < +oo . 

iii. — div yA(-jr- ) Vu n j (x) = u n {x) f n (x, u n ) for some real valued 
function f n on f2 x C, depending on n. 

Then, any weak H 1 -limit of the u n is a A -harmonic function in 
ff 1 (f2 , S l ), i.e. a weak solution of the equation 

(7.4) -div(A°Vu oo )=u oo (Vu oo -A°Vu 0O ). 

7.3. Proof of Theorem [U 

The fact that the limit equation for should be driven by the 
matrix A is quite expected, but we can provide here a very quick and 
simple proof, based on the periodic unfolding method (cf. [CDG]). 

The unfolding operator T$ (5 > 0) is described as follows : for / G 
L 2 (Qo), Tgf is the function on Qq x Y defined by 

f ( 5 [^] +6y ) iUlX 



(7.5) T s f(x,y) 



6 



+ 5Y c n . 



otherwise 



where 
x 
~6 



x 

G Z 2 is the integer part of — , i.e. the only z G Z 2 such that 



x 

-zeY. 

One has T s (Vf)(x,y) = 8V y T s f(x,y) and 
x 



(7.6) T s (dwA{-)Vf)(x,y)=5div y (A{y)T s (Vf)){x,y). 

Let us write equation f)7.4p as 

(7.7) - div A(^-)Vu n Au n = 0, 

and apply the operator T$ n in order to get 

(7.8) - div y A(y)T &n (Vu n ) (x, y) A T Sn (u n ) (x, y) = . 

When n —> oo, then, by the results of [CDG, Prop. 2.9 and Thm. 3.5], 
Ts n (u n )(x,y) -> Uoo^x) strongly in L 2 (Vt x Y), while T Sn (Vu n )(x,y) -> 
Vmoo(x) + V y u(x, y) L 2 -weakly, for some u(x, y) G L 2 (Q, H^ er {Y)) with 

vanishing mean : / u(x, y)dy — 0, x a.s.. 

Jy _ 
So, passing to the weak limit, (17.81) provides, in L 2 (Q , H^ 1 (Y)), 

(7.9) - div y A(y) (V x Uoo(x) + V y u(x, y)) A u^x) = 
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or equivalently 
(7.10) 

div y (A(y)V v (u(x, y) A Uoo (x))^j = - ^M^^l A Uqo ( x ) . 

Invoking, for fixed x, linearity and uniqueness in (17.11) . we get from (17.21) 
compared with (17.101) . since u is F-periodic with vanishing mean: 

(7.11) u(x, y) A Moo(x) = -x{y) ■ VwocOr) A u^x) . 

Now, it suffices to pair equation (17. 8p with any T$ n (f), f e C^°(Q ) 
(i.e. of class C°° with compact support) to get, firstly when S n is small 

+ 5 n Y C Qq for any x G supp f ), then 



x 



enough (i.e. such that S n 

passing to the limit 
(7.12) 

A {y) T s n {^ u n){x,y) AT Sn (u n )(x,y) ■ ^-V y T 5n f{x,y)dxdy 

n xY °n 

A{y)T Sn (Vu n )(x,y) AT Sn (u n )(x,y) ■ T Sn (V x f)(x,y))dxdy 

n xY 

/ A(y) (V x Uoo(a;) + V y u(x, y)) A u^x) ■ V x f(x)dxdy , 
Jn xY 



i.e. 

(7.13) - div x J A(y){y x u 00 (x) + V y u(x,y)) A u cy0 (x)dy = , x a.s 

Introducing (17. lip , we have then 

(7.14) = -div A (vu oo (x) A u^x)) 
which can be written 

(7.15) = - (div A^u^x)) A« M (i) 

in iJ _1 (f2 ), with ^4° defined in subsection 17.11 
Finally, we notice that (17.151) means 

(7.16) -div(A°Vu O0 )(x)=u O0 (x)f(x) 

for some real valued distribution /. As \uoo\ = 1 (by Assumption i.), / 
is given by 

(7.17) f(x) = ( - div A Vmoo(x)) ■ Uoo(s) = Vuoo(x) ■ A°VWoo(^) , 
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and the theorem is proved. 

□ 
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